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We have theoretically studied the resonant radiation force exerted on single-walled carbon nanotubes
�SWCNs� by taking into account the excitonic effect under the effective-mass approximation. When a light
frequency is close to an exciton level, the radiation force becomes significantly large even at room temperature
for conventional laser intensities in optical manipulation. The peak positions in radiation force spectra are
sensitive to the tube diameter and light polarization. Furthermore, the chirality dependence on exciton for
similar diameter is relatively large. Therefore, the selective sorting and trapping of SWCNs with a desired
specific structure is possible by tuning the applied field frequency.
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I. INTRODUCTION

A single-walled carbon nanotube �SWCN� has very at-
tractive electronic, magnetic, and optical properties because
of its unique quasi-one-dimensional structure.1,2 For ex-
ample, SWCNs are metals or semiconductors depending on
the diameter and chirality.3–6 Another typical example is the
Aharonov-Bohm �AB� effect, where a band gap can be
changed by applying a magnetic flux passing through the
cross section.6–8 As for mechanical properties, a carbon
nanotube �CN�, including a multiwalled CN, is lightweight
and has high mechanical strength. Because of these charac-
teristic properties, CNs have been widely studied in various
research fields and are expected to have many applications as
efficient electron emitters,9 the probe tip of the scanning
force microscope with extremely high spatial resolution,10

thermal light-emitting devices with a specific wavelength de-
pending on their diameter,11 SWCN field-effect transistors
with ballistic electronic transport,12 biosensors with high
sensitivity,13 and so on.14

In order to study fundamental properties and to develop
applications, the selective control of the spatial position of an
individual CN and the selective sorting of CNs are strongly
desired by lots of researchers and industrial engineers. Uti-
lizing the resonant radiation force mediated by excitons is
one of the promising techniques for this purpose. The radia-
tion force reflects the size quantization of exciton levels and
changes significantly depending on the geometric properties
such as the size and shape of the target nano-object. As theo-
retically proposed,15–17 this enables us to selectively manipu-
late specific nano-objects. Recently, it has been experimen-
tally demonstrated that, by using resonant radiation force, the
transport of semiconductor nanoparticles with diameters of
several tens of nanometers over macroscopic distance is

possible.18 This experiment has been performed in superfluid
helium in order to utilize the maximum performance of the
resonant radiation force. Further, there are several experi-
mental reports demonstrating the resonant enhancement of
the radiation force exerted on organic nanoparticles.19,20

In the case of SWCNs, it has been reported that slight
enrichment of semiconducting SWCNs was observed by us-
ing an optical trap.21 Recently, SWCNs with similar diam-
eters have been aggregated by using a strongly focused laser
beam,22 where several kinds of structures have been deter-
mined by using resonant Raman spectra of the radial breath-
ing modes. The analysis in this experiment has been limited
to the joint density of states calculated by using a tight-
binding model without considering the exciton effect. How-
ever, the excitonic resonance strongly characterizes the reso-
nant optical manipulation and thus, it is essential to consider
this effect to reveal the characteristics of phenomena. At al-
most the same time as the publication of Ref. 22, we briefly
reported a theoretical investigation of the radiation force me-
diated by exciton of SWCNs for propagating laser field.23 In
our previous work, exciton states around K and K� points
were treated independently. However, optically allowed or
bright states of exciton form bonding states of singlet K and
K� excitons.24 Therefore, in this paper, we calculate the ra-
diation force mediated by the bright exciton states in great
detail. As a conclusion, the strength of radiation force is
found to be not modified. Here, we shall also calculate gra-
dient force on SWCNs for optical trapping. We use our de-
veloped theoretical framework,17,25 which is based on the
microscopic optical-response theory.26

Optical-absorption spectra of a SWCN have been calcu-
lated without considering Coulomb interactions; the spectra
reflect the dependence of the electronic states on the size,
manner of rolled up, and applied magnetic field.27,28 A promi-
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nent excitonic effect of a SWCN has been predicted in the
form of a large binding-energy and steep absorption peaks
due to its quasi-one-dimensionality.29 This prediction has
been confirmed by absorption30,31 and luminescence spec-
tra32–35 at room temperature. Owing to the steepness of the
absorption peaks and strong size dependence of the peak
position, size-selective manipulation of SWCNs is possible.
Furthermore, optical spectra of SWCNs exhibit strong polar-
ization dependence; a spectral peak is suppressed,27,36 and
the peak position moves toward a higher energy36 for per-
pendicular polarization because of the depolarization effect.
This strong anisotropy would be useful for the manipulation
and sorting of SWCNs whose major axial orientation is par-
allel to the direction of light polarization.

This paper is organized as follows: In Sec. II, exciton
states are briefly summarized. The calculation method for the
optical response is given in Sec. III. In this formulation, the
electromagnetic �EM� field and induced current density due
to excitons are determined self-consistently. Then, the self-
energy of the exciton via EM field is included in the resulting
optical response. We evaluate the magnitude of the self-
energy in this section. In Sec. IV, the dissipative radiation
force for the traveling EM field and potential due to the
gradient force for the standing EM field are studied. In Sec.
V, the potential due to the gradient force is calculated taking
the band warping effect into consideration in order to study
the possibility of fine selective manipulation of SWCNs with
a specific structure. The summary and conclusion are given
in Sec. VI.

II. EXCITON STATES

An SWCN has the structure of a rolled-up two-
dimensional �2D� graphite sheet, in which the conduction
and valence � bands touch at K and K� points. When the
diameter is sufficiently large, the effect of the � and � bands
mixing can be neglected. Then, the electronic states of the
SWCN are obtained by imposing a boundary condition in the
circumference direction on the electronic states of the graph-
ite sheet. We choose the x and y coordinates in the circum-
ference and axial directions, respectively �see Figs. 1�a� and
1�b��. The k ·p equation around the K point of the graphite
sheet is given by

���xk̂x + �yk̂y�FK�r� = �FK�r� , �1�

where � is a band parameter, �x and �y are the Pauli spin

matrices, k̂�−i� is the wave-vector operator, and � is the
eigenenergy. FK�r� is the envelope function with two com-
ponents representing the amplitude at two carbon atoms in a
unit cell. The two atomic sites are indicated by A and B in
Fig. 1�a�. The Fermi level lies at �=0 when the material is
undoped. The boundary condition for FK�r� is given by

FK�r + L� = FK�r�exp�2�i�� −
�

3
�	 , �2�

where we generalize the boundary condition in the presence
of an AB magnetic flux �=� /�0, with magnetic-flux quan-
tum �0=ch /e.6 The integer � is 0, +1, or −1, from the rela-

tion na+nb=3M +� with integer M; here, L=naa+nbb is the
chiral vector with a and b being the primitive translation
vectors of the 2D graphite shown in Fig. 1�a�. The structure
of each SWCN can be uniquely determined by the chiral
vector in the circumference direction. The resulting energy of
a SWCN is given by

��n
K �k� = � �
	���n�2 + k2 �3�

with

	���n� =
2�

L
�n −

�

3
� , �4�

where + and − correspond to conduction and valence states,
respectively. Around the K� point, the k ·p equation and the
boundary condition are obtained by replacing �y with −�y
and � with −�. In this approximation, the electronic states of
a SWCN depend only on its diameter; the SWCN is metallic
for �=0 and is semiconducting with energy gap 4�� /3L for
�= �1. An AB flux changes the band gap ranging from 0 to
2�� /L in the period of �0.6

An excited conduction electron and a valence hole form
an exciton state mainly due to the long-range Coulomb in-
teraction between them. Since there are two valleys at the K
and K� points and twofold spin degeneracy exists, the exci-
ton states have 16-fold degeneracy.24 For example, we have
singlet exciton states with both electron and hole in the K
valley

(a)

(b) (c) (d)

FIG. 1. �Color online� �a� The lattice structure of 2D graphite
and the coordinate system. Two primitive translation vectors are
denoted by a and b, a chiral vector of a SWCN is denoted by L, x
and y are set in the circumference and axial directions, respectively,

 denotes a chiral angle, and A and B represent two types of carbon
sites. Other choice for the primitive translation vectors are denoted
by a1 and a2. �b� The coordinate system �x ,y� and �. An AB flux �
is also depicted. �c� Schematic illustration of an applied EM field
with polarization parallel to the tube axis. �d� Illustration of an
applied EM field with perpendicular polarization. The direction of
the wave vector q of the EM field is indicated by “Z” perpendicular
to the tube axis.
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1�KK� =
1

2

���K,↑��K,↑�� + ��K,↓��K,↓��� , �5�

where ��v ,���v� ,���� with v, v�=K, or K� and �, ��=↑, or ↓
denotes the exciton state for an electron with spin � in valley
v and hole with spin �� in valley v�. Among the degenerate
levels, we focus on an optically allowed level24 given by

1�KK − K�K��+ �� =
1

2

�1�KK� + 1�K�K��� . �6�

Exciton states ��v ,���v ,��� are further specified by the
wave vector 2�l /L around the tube axis and the level index
u, and thus, they can be expanded as

��v,���v,���u,l = 

n,k

�u,l
v �n,k�c+,n+l,k,�

v,† c−,n,k,�
v �g� , �7�

where c�,n,k,�
v is the annihilation operator for an electron with

spin � near the v=K or K� point with energy ��n
v �k�. It is

noted that the exciton wave function �u,l
v �n ,k� is independent

of spin states and thus, 1�vv�u,l=
2��v ,↑��v ,↑��u,l
=
2��v ,↓��v ,↓��u,l�
2�vv�u,l. We denote the optically al-
lowed states 1�KK−K�K��+�� by �u , l�; then,

�u,l� = �KK�u,l + �K�K��u,l. �8�

In order to obtain the wave function �u,l
v �n ,k�, we use the

screened Hartree-Fock approximation in terms of the
effective-mass or k ·p approximation.29

The band parameter � is related to the hopping integral �0
as �= �
3 /2�a�0 with lattice constant a=2.46 Å in a
nearest-neighbor tight-binding model. It should be noted that
the experimentally determined � is renormalized by electron-
electron interaction. This renormalized part should be ex-
cluded in the screened Hartree-Fock approximation; other-
wise, the electron-electron interaction is overcounted. It has
been shown that �0�2.7 eV reproduces the observed one-
and two-photon absorption energies in semiconducting
SWCNs in the screened Hartree-Fock approximation.37 The
strength of the Coulomb interaction is characterized by ṽ
= �e2 /	cL� / �2�� /L� independent of L, where 	c is the effec-
tive static dielectric constant of the SWCN. The Coulomb
interaction ṽ which lies between 0.1 and 0.2, describes the
experimental results well.37,38 We set ṽ=0.15 in the follow-
ing calculation.

The k ·p scheme is applicable near the Fermi energy and
thus, a cutoff function given by g0���=�c


c / ����
c +�c

c� is in-

troduced when summations for the band index and wave
vector are necessary. The parameters �c and 
c should be
chosen in such a way that only the contribution from states
near the Fermi energy is included. However, a finite result is
obtained for infinite �c in some cases: magnetic properties,39

spontaneous in-plane Kekule, and out-of-plane lattice
distortions,40 acoustic-phonon distributions,41 etc. In the cal-
culation of exciton states, the band-gap shift shows weak
logarithmic dependence on the cutoff energy.38 In such cases,
the cutoff �c should be chosen as the � bandwidth of the 2D
graphite. For a typical SWCN with d�1.4 nm, the cutoff
energy is about �c / �2�� /L��10, which is used in the fol-
lowing calculations. For a fixed cutoff parameter �c, the ex-

citon states are universally expressed independent of the cir-
cumference L if the length is scaled by L and the energy is
scaled by 2�� /L in the k ·p scheme.

III. SELF-CONSISTENT TREATMENT

When an EM field is applied to a SWCN, a current den-
sity due to the exciton is induced. The induced current den-
sity generates an EM field, which in turn induces a current
density. Therefore, the EM field and induced current density
are determined self-consistently. We calculate the self-
consistent fields by using a microscopic optical-response
theory.26,42,43 The resulting fields include radiative correc-
tion: radiative decay width and radiative shift of the
resonant-excitation frequency. A depolarization field, which
appears for EM fields polarized perpendicular to the tube
axis, is also included in the self-consistent field. This micro-
scopic optical-response theory provides a unified treatment
of the radiative correction and depolarization effect, which
are described by the self-energy of exciton in EM fields. In
addition, the scattering force related to the radiative decay
width can be calculated in this treatment. As shown later, the
dissipative forces exerted by propagating waves are classi-
fied as scattering and absorption forces. The absorption force
is related to the nonradiative decay width. The present for-
mula provides the respective contributions of the scattering
and absorption forces in the dissipative force. This is useful
for discussing the temperature dependence of the dissipative
force in terms of the nonradiative decay width.

The generated EM field is calculated by convoluting the
Green’s function for the Maxwell equations with the current
density. In the original version of the microscopic optical-
response theory, the transverse component of the Green’s
function should be extracted. Here, we use a revised version,
where the full Green’s function can be used without splitting
it into the transverse and longitudinal components.43 The cur-
rent density due to the exciton is given by

j�r,�� =� dr���r,r�� · E�r�,�� �9�

with � being a conductivity tensor,

��r,r�� =
�

i


u,l

1

Eu,l

�g�ĵ�r��u,l��u,l�ĵ�r���g�
Eu,l − �� − i��

, �10�

where E is the total EM field consisting of the applied field
E0 and the scattered field, Eu,l is the energy of the exciton
state �u , l�, �g� is the ground state, and � is a phenomenologi-
cal nonradiative damping constant. The current-density op-
erator ĵ�r� at the K point is given by

ĵ��r� = −
e�

�
����r̂ − r� �� = x,y� . �11�

The operator ĵx�r� at the K� point is the same as that at the K
point while ĵy�r� at the K� point has the opposite sign of that
at the K point. The induced current density produces the
scattered field. Then, the total EM field is written as
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E�r� = E0�r� +� dr�G�r,r�� · j�r�� , �12�

where G is a dyadic Green’s function for the Maxwell equa-
tions satisfying

� � � � G�r,r�� − 	bg�r�q0
2G�r,r�� = I��r − r�� , �13�

where 	bg is the background dielectric constant, q0=� /c, and
I is the identity tensor. The Green’s functions can be analyti-
cally expressed for simple inhomogeneous media such as
single-layer or multilayer structures of slabs, cylinders, and
spheres.44 In the effective-mass approximation, the envelope
function FK�r� smoothly varies beyond lattice structure of
carbon atoms. Therefore, the dyadic Green’s function with-
out taking account of lattice structure is safely applicable
under the effective-mass approximation. The dyadic Green’s
function for a hollow cylindrical shape with a surrounding
background dielectric constant 	bg is given by

Gyy�r,r�� = −
q0

2

2�	bg



n=−�

� �
−�

�

dky�− 1�n

� Jn�qa�Hn
�1��qa�eiky�y−y��ein��−���,

Gxx�r,r�� = −
q0

2

8�	bg



n=−�

� �
−�

�

dky�− 1�n+1

� �Jn−1�qa� − Jn+1�qa���Hn−1
�1� �qa� − Hn+1

�1� �qa��

� eiky�y−y��ein��−���, �14�

where q=
	bgq0, � is the azimuth depicted in Fig. 1�b�, and
Jn�qa� and Hn

�1��qa� are the Bessel function and Hankel func-
tion of the first kind, respectively. Substituting Eq. �9� into
Eq. �12�, we have

E�r� = E0�r� +
�

i


u,l
� dr�G�r,r�� ·

�g�ĵ�r���u,l�
Eu,l

Xu,l,

�15�

with

Xu,l =
1

Eu,l − �� − i��
� dr�u,l�ĵ�r��g� · E�r� . �16�

By multiplying �u , l�ĵ�r��g� with the left-hand side of Eq.
�15� and integrating with respect to r, the self-consistent
equations for Xu,l are derived as follows:



u�

��Eu,l − �� − i����uu� + Auu�,l�Xu�,l = Bu,l
�0� �17�

with

Auu�,l =
i�

Eu�,l
� dr� dr��u,l�ĵ�r��g� · G�r,r�� · �g�ĵ�r���u�,l� ,

�18�

Bu,l
�0� =� dr�u,l�ĵ�r��g� · E0�r� . �19�

The factor Auu�,l represents a self-interaction of induced cur-
rent density via EM field. It is noted that the dyadic Green’s
function includes both transverse and longitudinal compo-
nents. The interaction via transverse EM field provides radia-
tive correction while the interaction via longitudinal compo-
nent provides the depolarization shift of spectral peaks
toward the higher energies. This longitudinal component can
be considered to be a long-range electron-hole exchange
interaction.43 Since the depolarization effect in Ref. 36 is
calculated by using the background dielectric of graphite, we
use 	c=2.4 for graphite in the evaluation of Auu�,l. For the
other evaluation, the background dielectric is set to 	=1 as
the surroundings of SWCNs to be vacuum.

The exciton self-energy via EM field Ẽu,l is obtained as
the energy of a self-sustaining mode without the applied field
E0, i.e., Bu,l

�0�=0. Then, from Eq. �17� without the damping

constant �, we obtain equations for Ẽu,l as follows:



u�

�Eu,l�uu� + Auu�,l�Xu�,l = ��Xu,l, �20�

where solutions for �� correspond to Ẽu,l. These simulta-
neous equations are nonlinear because � or q is included as
an argument of Bessel functions in the dyadic Green’s func-
tion through Auu�,l. We can iteratively solve the nonlinear
simultaneous equations. The self-energy of the exciton via

EM field is given by �Eu,l� Ẽu,l−Eu,l.
Let us introduce an “individual-exciton approximation,”

where the self-interaction between different exciton states is
neglected. Then, the self-interaction represented by a matrix
can be approximated by the scalar of the diagonal matrix
element, i.e., Auu�,l=�uu�Auu,l, and the exciton energy includ-

ing the self-interaction Ẽu,l is given by

Ẽu,l = Ēu,l + i�u,l
rad, �21�

where Ēu,l�Eu,l+Re�Auu,l� is a resonant-excitation energy
including the radiative shift Re�Auu,l� and �u,l

rad�−Im�Auu,l� is

a radiative decay line width. These physical meanings of Ēul
and �u,l

rad are clearly represented in Eq. �34�. The self-energy
of the exciton is given by �Eu,l=Auu,l. This approximation is
valid when the self-interaction is much smaller than the sepa-
ration of exciton energies.

A. Parallel polarization

When the polarization of an applied EM field is parallel to
the tube axis, as shown in Fig. 1�c�, the strength of the elec-
tric field is almost independent of the circumference position
because the wavelength of the EM field is much longer than
the diameter of the SWCN. Therefore, the exciton states with
l=0 are excited due to the wave-vector conservation in the
circumference direction.

In the individual-exciton approximation, the self-energy
of the exciton, �E� ��Eu,0=Auu,0, for parallel polarization is
given by
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�E� =
2��

L
�� �

�c
�2 ��

Eu,0
ṽ� j̃y

u,0�2� 2

�
��� + log

qL

4�
� − i	 ,

�22�

where ��=0.57722 is Euler’s constant, ṽ= �e2 /	cL� /
�2�� /L� ranges from approximately 0.1 to 0.2,37,38 and j̃u,0

has a dimensionless value of order 1 defined by
�u ,0�j�r��g�= �e� /���L3A�−1/2j̃u,0. Therefore, the orders of
both Re��E�� and Im��E�� are determined by �� / ��c��2

�10−5 for �0=2.7 eV in units of 2�� /L, where �� /�� /c
represents the ratio of the Fermi velocity of an electron in a
SWCN to the light velocity.

Figure 2�a� shows the Re��E�� and −Im��E�� of the low-
est exciton state as a function of the Coulomb interaction ṽ.
These real and imaginary parts of the self-energy are ob-
tained by solving the simultaneous nonlinear equation �20�.
The energy on the vertical axis to the right is evaluated for a
SWCN with a diameter d=1.2 nm. The intrinsic radiative
decay width ���u,0

rad =−Im��E��� is �10 �eV for ṽ=0.15.
This radiative width corresponds to an intrinsic radiative life-
time of �65 ps.

It has been reported that the intrinsic radiative lifetime of
a zigzag SWCN with d=0.78 nm is 19.1 ps in the ab initio
calculation.45 The radiative lifetime is proportional to the di-
ameter and thus, the extrapolated lifetime in the ab initio
calculation becomes 84 ps for a SWCN with d=1.2 nm. The

radiative lifetime in the present calculation is similar to that
in the ab initio calculation. The effective radiative lifetime is
longer than the intrinsic radiative lifetime because of the
thermal distribution of exciton states and the existence of a
dark exciton. The enhancement factor of the effective radia-
tive lifetime due to the thermalization is proportional to the
square root of temperature for a quantum wire46 and this
factor for a SWCN at room temperature is �100.45 The ef-
fect of a dark exciton on the effective lifetime depends on the
level splitting of bright and dark states.45 In a recent experi-
ment performed for individual SWCNs, the observed level
splitting was approximately about 4 meV.8 This level split-
ting enhances the effective radiative lifetime by a factor of
2.2. Consequently, in our calculation, the effective radiative
lifetime is 14 ns. This value is in rough agreement with the
experimental result of �10 ns.47

B. Perpendicular polarization

When the polarization of the applied EM field is perpen-
dicular to the tube axis, as shown in Fig. 1�d�, the strength of
the electric field changes sinusoidally in the circumference
direction. Therefore, exciton states with l= �1 can be ex-
cited. In the individual-exciton approximation, the self-
energy �E��Auu,�1 is given by

�E� =
2��

L

�

4
� �

�c
�2 ��

Eu,�1
ṽ� j̃x

u,�1�2� 16�

�qL�2 − i	 . �23�

The order of Im��E�� is 10−5 in units of 2�� /L as well as
the self-energy of exciton for parallel polarization. In Fig.
2�a�, −Im��E�� for the lowest exciton state is shown as a
function of Coulomb interaction ṽ. The radiative decay width
for ṽ=0.15 is about one tenth of that for parallel polarization.

In contrast to other real and imaginary parts of the self-
energy �Re��E�� ,−Im��E�� ,−Im��E���, Re��E�� exhibits
quite a different order of magnitude, as shown in Fig. 2�b�.
This is because Re��E�� contains a factor 16� / �qL�2

= �4 /�3��� /d�2�104, with d being the diameter of the
SWCN. In conjunction with �� / ��c��2�10−5, we have
O�Re��E����0.1. Re��E�� takes a finite value under the
condition c→�, and thus, this term represents the static
Coulomb interaction between induced current density of ex-
citon. This effect has been included in the calculation of the
absorption spectra of SWCNs by taking into account the de-
polarization field.36 When a polarized field perpendicular to
the tube axis is applied, a spatially inhomogeneous current is
induced in the circumference direction. This inhomogeneous
current produces a charge distribution, which generates the
depolarization field. The depolarization effect is accounted
for in the dielectric function �xx

�1���. Then, the excitation
energy is given by the zero points �0 of �xx

�1���,

�xx
�1��0� = 1 + A

8�2�

	�0


KK�



u

��u, � 1� ĵx�g��2

Eu,�1�Eu,�1 − ��0�
= 0,

�24�

where A is the length of the SWCN. This equation is derived
from Eq. �46� in Ref. 36 by using the rotating wave approxi-
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FIG. 2. Self-energy of an exciton via EM field as a function of
Coulomb interaction. The energy on the vertical axis to the right is
calculated for a SWCN with d=1.2 nm. �a� Real �Re��E��� and
imaginary �−Im��E��� parts of the self-energy of the lowest exciton
for parallel polarization and the imaginary part �−Im��E��� of the
self-energy of the lowest exciton for perpendicular polarization. �b�
Real part �Re��E��� of the self-energy of the lowest exciton for
perpendicular polarization.
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mation, eliminating the nonradiative damping constant, and
replacing the matrix element of the current operator by that
in our definition. In the individual-exciton approximation,
this equation can be recast as

��0 = Eu,�1 + 2 

�=KK�

Re�Auu,�1
� ��0�� , �25�

where Auu,�1
K �Auu,�1

K� � is the self-interaction for the exciton
state �KK�u,l ��K�K��u,l� but the bright states �u , l�. In the ab-
sence of magnetic flux �, �KK� and �K�K�� provide the same
contribution to the induced current density, i.e., �g�ĵ�r��KK�
= �g�ĵ�r��K�K��= �1 /2��g�ĵ�r��u , l�. The self-interaction is
proportional to the square of the induced current density and

thus, Auu,�1
K =Auu,�1

K� = �1 /4�Auu,�1. Substituting this quantity

into Eq. �25�, we have ��0=Eu,�1+Re�Auu,�1��0��= Ēu,�1.
Therefore, the analytic expression of excitation energy in-
cluding the depolarization shift in Ref. 36 agrees with the
expression in our self-consistent treatment if we use the
individual-exciton approximation.

IV. RADIATION FORCE

The self-consistently determined current density is written
in terms of Xu,l as follows:

j�r� =
�

i


u,l

�g�ĵ�r��u,l�
Eu,l

Xu,l. �26�

Substituting this into Eq. �12�, we have the following EM
field:

E�r� = E0�r� +
�

i


u,l
� dr�G�r,r�� ·

�g�ĵ�r���u,l�
Eu,l

Xu,l.

�27�

A radiation force F exerted on a SWCN is calculated from a
general expression17,25

F��� =
1

2
Re� i

�
� dr��E��r,��� · j�r,��� . �28�

In the following calculations, E�r� in Eq. �28� can be re-
placed by E0�r� because the contribution from the scattered
field is cancelled out due to the symmetry. This expression
includes both dissipative �absorption and scattering� and gra-
dient forces. When a propagating EM field is applied to an
object, the dissipative force is exerted in the applied field
direction due to the momentum transfer from a photon to the
object. When the EM field intensity has spatial inhomogene-
ity, a gradient force is exerted on the SWCN. By using the
gradient force, microscopic dielectric objects can be physi-
cally held and moved; this scientific instrument is called op-
tical tweezers.48

A. Dissipative force

First, we consider a situation in which a propagating plane
EM field is applied to a SWCN. The EM field has a wave

vector q perpendicular to the tube axis, whose direction is
denoted by Z �see Figs. 1�c� and 1�d��. Then, the applied EM
field is written as E0=E0e�,�eiqZ, where e� and e� represent
unit polarization vectors parallel and perpendicular to the
tube axis, respectively. Consequently, the dissipative force F
is exerted in the Z direction and the force is expressed as

FZ��� =

	

c
P��� +

�

2


	

c


uu�l

Im�Xu,lAuu�,l
� Xu�,l

� �

Eu,l
�29�

with

P��� =
1

2
� dr Re�j��r� · E�r�� =

�2�

2 

u,l

�Xu,l�2

Eu,l
�30�

being the optical absorption. The first and second terms on
the right-hand side of Eq. �29� represent absorption and scat-
tering forces, respectively. The scattering force becomes zero
if we neglect the self-interaction.

In order to study the characteristics of the dissipative
force, we represent the expression of Eq. �29� by the
individual-exciton approximation. Furthermore, the fre-
quency dependence of Auu,l is neglected by setting ��=Eu,l.
This approximation gives the spectral shape and indicates a
clear dependence of the nonradiative decay width on the dis-
sipative force. We consider that a parallel-polarized EM field
is applied, i.e., exciton with l=0 is excited. From J0�qa
�0��1, Bu,0

�0� is approximated as

Bu,0
�0� �

e�

�

A

L
j̃y
u,0E0. �31�

Then, the relationship between the radiative decay width
��u,0

rad =−Im�Auu,0� and Bu,0
�0� is obtained as follows:

�Bu,0
�0� �2 = 	cc

2AE0
2

�
�u,0

rad. �32�

In the individual-exciton approximation, Xu,0 determined
from Eq. �17� is given by

Xu,0 =
Bu,0

�0�

Ēu,0 − �� − i��� + �u,0
rad�

. �33�

Finally, the dissipative force FZ
� for parallel polarization is

approximated as

FZ
� ��� = 4	cAI0


u

��u,0
rad

Eu,0

�� + ��u,0
rad

�Ēu,0 − ���2 + ��� + ��u,0
rad�2

,

�34�

where I0�
	cE0
2 / �8�� is the applied field intensity. The dis-

sipative force spectra have a Lorentzian line shape. As de-

scribed in relation to Eq. �21�, Ēu,0 and �u,0
rad represent the

resonant-excitation energy and decay line width, respec-
tively. The first and second terms in the numerator corre-
spond to the absorption and scattering forces, respectively. It
is noted that the nonradiative decay width is a few meV even
at low temperatures �a few K� while the radiative decay
width is 20 �eV at most �see Fig. 2�a��. Therefore, the ab-
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sorption force proportional to � in Eq. �34� dominates the
dissipative force.

At the resonant-excitation condition, Ēu,0−��=0 in Eq.
�34�, the dissipative force is given by

FZ
�,res � 4	cAI0

1

Eu,0

�u,0
rad

� + �u,0
rad . �35�

Since � is much larger than �u,0
rad even at low temperatures of

a few K, the resonant dissipative force is proportional to
1 /�. The resonant dissipative force monotonically increases
with decreasing � and eventually reaches a maximum FZ

�,res

=4	cAI0 /Eu,0 at �=0. The maximum dissipative force at the
resonant condition is independent of the current density or
oscillator strength. However, the line width �u,0

rad of the radia-
tion force is proportional to the oscillator strength, and thus,
the integrated force is proportional to the oscillator strength.

Figure 3 shows the calculated dissipative force for parallel
and perpendicular polarizations. The force is proportional to
the length of SWCNs and the intensity of the applied field.
The resonant radiation force is proportional to 1 /�, except
for extremely low temperatures, and thus, we choose AI0 /�
as the unit of force. The results obtained by using the
individual-exciton approximation are denoted by dotted
lines. The individual-exciton approximation describes the ra-
diation force for parallel polarization well because the self-
interaction is much smaller than the separation of exciton
levels �see Fig. 2�a��. However, for perpendicular polariza-
tion, this approximation does not provide good agreement
with the exact calculation because the self-interaction
Re��E�� is comparable to the exciton-level separations �see
Fig. 2�b��.

Figure 4 shows the dissipative force exerted on SWCNs
with diameters of 1.2, 1.4, and 1.6 nm for �a� parallel and �b�
perpendicular polarizations. In this figure, we consider
SWCNs with a length of 1 �m and an applied field intensity
of I0=1 MW /cm2, which is comparable to that generally
used in the optical tweezers.49 The nonradiative decay width
is ��=10 meV, which is the observed luminescence spectral

width at room temperature.50–52 At the resonant condition,
the force is 80 fN, and the corresponding acceleration is
2.8�107 m /s2, where the mass density of a SWCN is 7.6
�10−8 g /cm2. This acceleration is much larger than the
gravitational one.

For perpendicular polarization, the peak positions of the
dissipative force are different from those for parallel polar-
ization even when the SWCN has the same diameter because
of the optical selection rule �l=0 for parallel polarization and
l= �1 for perpendicular polarization� and the shift in the
depolarization peak for the perpendicular polarization. In ad-
dition, the depolarization effect suppresses the force peaks.

A SWCN does not have a rigid structure in the axial di-
rection in standard experimental conditions and is generally
twisted in various directions. The above calculations are lim-
ited to a SWCN with a straight axis. In order to study the
radiation force for the twisted SWCNs, we should calculate
the statistical average of the force with respect to the axial
direction. When segments of a twisted SWCN have a com-
pletely random orientation, the averaged force is given by
FZ

�av���=FZ
� ��� /2+FZ

���� /2. The exciton levels for perpen-
dicular polarization are different from those for parallel po-
larization and the force for perpendicular polarization is
much smaller than that for parallel polarization. Therefore, it
is feasible to consider exciton resonance for parallel polar-
ization in the selective manipulation and sorting of SWCNs.
In the selected SWCNs, the major axial orientation will be
parallel to the applied field polarization.
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FIG. 3. Calculated dissipative force exerted on a SWCN for
parallel and perpendicular polarizations �solid lines�. Coulomb in-
teraction is set to be ṽ=0.15. The dotted lines denote the results
calculated by using the individual-exciton approximation.
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FIG. 4. Calculated dissipative force for an EM field with �a�
parallel and �b� perpendicular polarization. Coulomb interaction is
set to be ṽ=0.15.
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B. Gradient force

When the intensity of an EM field has a gradient at an
object, a force is exerted on the object. In order to study the
gradient force exerted on SWCNs, we consider a standing
plane wave consisting of counter-propagating plane waves:
E0�r�=2E0 cos�qZ�e�,�. We denoted Bu,l

�0� and Xu,l for the
standing wave by Bu,l

�0�st and Xu,l
st , respectively. When a SWCN

is located at position Z0, Bu,l
�0�st is given by 2 cos�qZ0�Bu,l

�0� and
thus, Xu,l

st =2 cos�qZ0�Xu,l, where Bu,l
�0� and Xu,l are functions

for the traveling wave E0�r�=E0eiqZe�,�. Substituting the
above equations into Eq. �28�, we obtain the following ex-
pression for the gradient force for the standing wave:

FZ��� = f���sin�2qZ0� �36�

with

f��� = −
�q

�
Re�


u,l

1

Eu,l
Bu,l

�0�Xu,l	 . �37�

In the individual-exciton approximation, f��� is written as

f��� = − 8	cAI0

u,l

��rad

Eu,l

Ēu,l − ��

�Ēu,l − ���2 + ��� + ��rad�2
.

�38�

The gradient force as a function of the applied field fre-
quency exhibits a dispersive line shape and the force is posi-
tive or negative depending on the applied field frequency.

The potential for the gradient force is represented by
U�� ,Z0�= f����cos�2qZ0�−1� /2q. Minimum or maximum
potentials lie at Z0=� / �2q�+n� /q or n� /q depending on
the sign of f���, where n is an integer. The potential differ-
ence between minimum and maximum potentials is given by
�U���=U�� ,� / �2q��−U�� ,0�=−f��� /q. For f����0 or
�U����0 �blue detuning�, potential minima lie at Z0
=� / �2q�+n� /q, where the light intensity is zero. For f���
�0 or �U����0 �red detuning�, potential minima lie at
Z0=n� /q, where the light intensity is maximum.

Figure 5 shows the calculated �U��� for SWCNs with
diameters of 1.2, 1.4, and 1.6 nm for �a� parallel and �b�
perpendicular polarizations. The length of the SWCN is
1 �m, the intensity of each counter-propagating traveling
EM field is I0=0.5 MW /cm2, and the nonradiative decay
width is ��=10 meV. The potential depth reaches 50 meV
for parallel polarization and thus, the trapping force on
SWCNs can overcome the thermal fluctuation. The potential
dips for SWCNs with different diameters are well separated
from each other.

Figure 6 shows the potential U��0 ,Z0� for each counter-
propagating field intensity I0=0.5 MW /cm2, where applied
field frequency is fixed at ��0=0.88 eV. This frequency cor-
responds to the resonant red detuning for the SWCN with
d=1.2 nm. The SWCN with d=1.2 nm is strongly trapped
at the position Z0=0, which is destabilization point for the
SWCN with d=1.4 nm. An SWCN with d=1.6 nm experi-
ences a small potential about 10 meV and thus, the SWCN
would move away from the position Z0=0 at room tempera-
ture due to the thermal fluctuation. Therefore, only the
SWCN with d=1.2 nm would be trapped. If we apply stron-
ger laser field such that the potential for the SWCN with d
=1.6 nm exceeds thermal fluctuation energy, the SWCN
with d=1.6 nm is also trapped as well as the SWCN with
d=1.2 nm. From Fig. 5 and the feature that the potential is
proportional to the applied field intensity, we can estimate
the appropriate laser field intensity for selective trapping of
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FIG. 5. Calculated potential difference �U��� between mini-
mum and maximum potentials due to a gradient force for an EM
field with �a� parallel and �b� perpendicular polarization. Coulomb
interaction is set to be ṽ=0.15.
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SWCNs with specific structure. Furthermore, the potential
for perpendicular polarization at this position is extremely
small �see inset of Fig. 6�. This indicates that we can trap
SWCNs with the major axial orientation parallel to the light
polarization.

V. WARPING EFFECT

In the present approximation scheme, the exciton energy
levels depend on the diameter of a SWCN. However, some
SWCNs with fairly similar diameters have different chirali-
ties, resulting in different energy gaps for these SWCNs.
This feature is clearly observed in a Kataura plot of optical
transition energy against diameter, which serves as a com-
mon guide for determining the SWCN structure from optical
spectra.53 The chirality dependence of SWCNs with similar
diameters mainly originates from the trigonal warping of the
energy band of 2D graphite54 and the finite curvature in the
circumference direction.55,56 The warping effect increases

when the energy is away from the Fermi energy and thus, the
chirality effect increases with decreasing diameter. The cur-
vature effect causes a shift in the origin for k̂x and k̂y. The
shift in k̂x is considered as an effective magnetic flux passing
through the cross section, i.e., �kx= �2� /L��� /�0�,56 and
thus, the band structure is modified by the curvature. Owing
to the warping and curvature effects, SWCNs with almost
equal diameters have appreciably different exciton energies.
As a result, SWCNs with specific chiral vectors can be se-
lectively manipulated and sorted by using the resonant radia-
tion force. Here, we consider warping effect on the radiation
force. We do not consider the curvature effect because it is
difficult to obtain reliable estimates in the k ·p treatment.
More reliable calculations on exciton states have been per-
formed by utilizing the extended tight-binding model that
includes �-� hybridization due to finite curvature.57–59

In the k ·p scheme, the warping effect can be included by
introducing a higher-order k ·p term. The k ·p Hamiltonian
including higher-order terms around the K point54 is given by

H = �� 0 k̂x − ik̂y +
a

4
3
e3i
�k̂x + ik̂y�2

k̂x + ik̂y +
a

4
3
e−3i
�k̂x − ik̂y�2 0 � , �39�

where 
 is the chiral angle depicted in Fig. 1�a�. The Hamil-
tonian around the K� point is obtained by taking the complex
conjugate and changing 
 to 
+� /3 in Eq. �39�. The result-
ing energy is degenerate around the K and K� points, and the
band gaps between optically allowed transitions for parallel
polarization are calculated as38

	g�n,k� � 2��	���n���1 +
a	���n�

4
3
cos 3
� . �40�

The warping effect does not modify the band gap for arm-
chair SWCNs �
=� /6�, while the effect shifts the band gap
for zigzag SWCNs �
=0� by the maximum amount.

Starting from the higher-order effective-mass Hamil-
tonian, we calculate the radiation force in a similar manner to
that in Sec. II. Figure 7 shows the calculated potential due to
the gradient force of metallic SWCNs with chiral vectors
�19,8�, �18,6�, and �17,4�, which correspond to chiral vectors
�11,8�, �12,6�, and �13,4� for other definitions of primitive
translation vectors a1 and a2 �see Fig. 1�a��. These SWCNs
have fairly similar diameter and are listed in Ref. 22 as can-
didates for selectively aggregated SWCNs. Although the di-
ameters of the SWCNs are almost equal, the positions of
potential dips for SWCNs with different chiralities are sepa-
rated from each other because of the warping effect. It is

known that the exciton effect enhances the level separation
due to the warping and curvature,59 and the same tendency is
observed in Fig. 7. Therefore, by considering the excitonic
effect, the resonant radiation force can be effectively used for
definite manipulation and sorting of SWCNs with specific
structure, even for SWCNs with almost equal diameters.
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FIG. 7. Potential difference due to the gradient force for parallel
polarization. Coulomb interaction is set to be ṽ=0.15. The warping
effect is included by using a higher-order k ·p equation. The
SWCNs with chiral vectors �19,8�, �18,6�, and �17,4� are all
metallic.
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VI. SUMMARY AND CONCLUSION

In summary, we have theoretically studied the radiation
force exerted on SWCNs mediated by excitons. The calcula-
tion is based on the microscopic optical-response theory, in
which the induced current density and total EM field are
determined self-consistently. This treatment provides the ra-
diative correction including the radiative shift of the spectral
peak and radiative decay line width. Then, the scattering
force related to the radiative lifetime can also be obtained by
this treatment, and thus, a unified description of absorption
and scattering forces becomes possible.

We have calculated the dissipative force for a traveling
EM field and the potential of a gradient force for a standing
EM field. The applied field polarization is considered to be
parallel and perpendicular to the tube axis. The direction of
the dissipative force exerted on the SWCN is the same as
that of the applied field; the dissipative force consists of ab-
sorption and scattering forces. Since the radiative lifetime is
very long, the dissipative force is dominated by the absorp-
tion force even at low temperatures. In this region, the dis-
sipative force is inversely proportional to the nonradiative
decay width.

Both spectra of the dissipative force and the trapping po-
tential due to the gradient force are well separated for
SWCNs with different diameters. Even for SWCNs with al-
most equal diameters, these spectral peaks for SWCNs with
different chiralities are separated from each other. Therefore,

the selective manipulation and sorting of SWCNs with spe-
cific structures is possible by tuning the frequency of the
applied EM field. Particularly for the trapping, when we use
a linearly polarized standing-wave field, we can trap both
low and high intensity regions by applying red- and blue-
detuned frequencies, respectively. The resonant frequencies
depend on the applied field polarization and the radiation
force for perpendicular polarization is much smaller than that
for parallel polarization. Although a SWCN does not have
rigid structure in the axial direction under standard experi-
mental conditions, these features can be used for optical ma-
nipulation and sorting of SWCNs whose major axial orien-
tation is parallel to the applied EM field.

Finally, resonant nano-optical manipulation techniques
will enable us to extract and utilize SWCNs with desired
diameter, chiralities, and uniform orientation in environment
such as vacuum, air, and water at room temperature, which is
significantly important in the fundamental and application
studies.
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